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Abstract — The aim of this paper is to present constitutive
relations expressing the strain and electric displacement as
functions of Piola—Kirchoff stress tensors of the first or second
kind and of material electric field. These relations are necessary
to allow the use of Lagrangian (or material) description of
vibrating piezoelectric devices submitted to a change of
temperature. Connections between these new coefficients and
the classical ones are given and numerical values for them are
proposed.

1. INTRODUCTION

The use of Lagrangian description of a piezoelectric
resonator offers the advantage to use the coordinates of the
reference state at the reference temperature[1,6]. By this way
the boundary conditions and the orientation of the resonator
with respect to the cristallographic axis are independent of the
change of temperature. The treatment of this kind of problem
is made by considering that the vibration is a small dynamic
field superimposed to a static bias due to a temperature
change. In the case of the computation of the propagation of
bulk or surface acoustic waves one needs to express the first
Piola—Kirchoff stress tensor and electric displacement as
functions of the dynamic strain increment and material
electric field [7,8]. If one wants to treat, by example, the case
of low frequency resonator operating in flexure or torsional
mode, the preceding relations are not convenient since the
notion of fiber element used in the studies of such devices
needs to express the strain versus the stress. Depending on the
way the problem is treated, both kinds (first and second) of
Piola—Kirchoff stress tensors may be used.

We only give here the relations between usual
coefficients and new ones, but it must be mentioned that
these last coefficients, as well as the associated relations, can
also be defined from the derivatives of a thermodynamic
potential.

II. PRELIMINARY RESULTS

As usual we consider three states described by three sets

of coordinates (see figl):

- a natural state at a fixed temperature @,, where the
coordinates of a material point are X, .

- an initial, or intermediate state, prior to the vibration, at
the current temperature © , in which the material point is
at the position &, .

- afinal state, when an adiabatic vibration is superimposed
on the preceding, with the associated coordinates y Ix

Fig. 1.Natural, initial and final states and associated axes

With these notations, the partial derivatives of coordinates are
written as:

J 9y _ Xy

ay;
> ga,LE > M,a
L

) = 1
X Xy aga W

YiL=

Introducing the dynamic mechanical displacement 4, , one
can write the position of a material point at time t as :

y‘/=§a(XL)+Ma(XLst)5_ja (2)

Let

-2l )
ELM =3V LYjM OLM (3)
be the total strain. It may be split into a static part £,,, and a

dynamic one £, :

EiMm=EytEivm “4)
where, by combining (2) and (3)
~ 1
ELM=5(fa,Lua,M+fa,Mua,L) ©)
if only linear terms in # are retained.
Using the chain rule of differentiation, one can write
ue(X1) v =ue, fS M (6)
Substituting into the above expression, one obtains
~ 1 )
ELM= 5(§a,L§ﬂ,M”a,ﬁ+ Sa,M$B,Lua, B
(7

- a )
=Sa, LS f M| 5\ Mo, pup.a

The quantity between brackets is nothing else than the

classical dynamic strain § op in Eulerian description. Thus

the relation between dynamic strains in Lagrangian and
Eulerian descriptions is:
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ELM zfa,Lfﬁ,MEaﬂ ®

In Lagrangian description the dependent quantities which one
must also consider are the first Piola—Kirchoff stress tensor

K1; and the second Piola—Kirchoff stress tensor f;,,, the

material electric field ¥, and the electric displacement A, .

If d4dand dV respectively denote an elementary surface,
with normal », and an elementary volume in deformed state,

and dA4 ,dV and N denote the corresponding quantities in an
undeformed state, they verify the identities [8]:
dALgne=dA K yaN v 8 jo
AW =t1 Er @V = Laj S opdV
Wiy dX;=Eq d&, ©)
ALNLdA=DgngdA

They can also be split in two parts :

KLj:ELjJr]?Lj

fLM:ZLM‘H_LM
WL=WLrtW[
AL=AL+AL

(10)

They are related to the usual stress tensor Loj ,electric

field ', and electric displacement D, in spatial (or Eulerian)
description [9]. For dynamic parts one has

-1 -
Loj=F%a, 1K1,

- 1 -
Loj=F¢a, LS pMTLM OB an

EO(:XL,OKVIN/L

where J =det[§a LJ denotes the Jacobian of the static

deformation. If the thermal expansion of the resonator is
mechanically free and if no static electric field is applied, the
static parts in ( 10 ) are identically zero.

III. RELATIONSHIP WITH RESPECT TO THE FIRST
PIOLA-KIRCHOFF TENSOR

A. Constitutive relations
In Eulerian (usual) formalism, the usual constitutive
relations are written by using the notations of this paper

SoB=sofhu L 3j0 jutd JafE 4 a2
50(: daﬂﬂz,yé‘jﬂ"‘é‘aﬂgﬂ

By putting these relations in (8) and (11-3) one obtains the
constitutive relations for dynamic quantities in the form:

~ _ .4 T R

EIM = E[MNz0 jn KNjTEpLp W P 03
. S 2 -

AK =ERLuO juKLj VERLW L

where so—defined “effective material coefficients” are related
to the usual coefficients by the relations:

P
E]MNu= TS, L5 B,MSy, N Sofy

3 _
Eprm _50!,Lfﬂ,MXPs7d7aﬂ (14)

E]%Lﬂ=XK,a§,1,Lda/w

E¥ =T XK,aXL,f€ap

We may notice that the two kinds of piezoelectric coefficients
respectively denoted by the superscript 3 and respectively
appearing in the two relations (13) are not identical.

B. Symmetries with respect to the indices

It follows from relations (14) and from the symmetries of the
usual coefficients with respect to the indices that

4 _ .4
ELMNu = EMLNu

3 -3
Eprym = Eppmr

A 3 (15)
Exru* ERuL
2 2
ExLETk
An index compression rule such as the following:
111 2242 3363
234 315 1246 (16)

327 138 219

has to be used whenever indices cannot be exchanged in a
pair, whereas the classical rule

11 22632 3363
24 3165 1266 (17)
3264 1365 2166

must be used, associated by factor 2, whenever indices can
be exchanged in a pair. As a consequence, the coefficients

E4can be written in form of a 6x9 matrix, E30f a 3x6
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matrix, E‘3 of a 3x9 matrix and E2 of a 3x3 matrix. The
compression rules are
4 _1 4
ElMNe™> (+70)EDg

i
E%(LMZE(I’L&LM)E%(P (18)

'3 -3
Exim = EKR
where P corresponds to the (L,M) pair through (16), while

QO and R respectively correspond to the (N, &) and (L, M) pairs
through (17).

C. Case of 32 class of symmetry

The number of independent coefficients is reduced by the
cristallographic symmetries. Taking into account the fact
that the matrix [f o LJis diagonal in the case of 32 class, the

E* matrix has the form:

Ei By Ey By 0 0 £y, 00
By Eh HyHy 0 0 B, 00
E§1E§1E§3000000(19)
26 27 0 By 0 0 E; 00
0 0 0 0 g2, 0 Ey 26,
[0 0 00 2my B 0 25, E

There are six independent coefficients. If we choose
Efl, Efz, Eig, Ei‘4, E§3, Eﬁ4, as independent coefficients ,

in addition we have the relations:

4 _ 4 4
Ees=E117ED2

4 _ 4
E17X33= E14X11

. . (20)
E31X33= Ej3X1,1
E4X35=Ejs X1
The E ° matrix has the form:
3 3 3 13
E -Ej 0 Ey 0 0 Ey O 0
0 0 0 0 - E137 - E131 - E134 - E131 (2 1)

o o0 oo o O o0 o0 o0

3 _ 3
Ep7X33=E3 X1,

The g3 and E2 matrix have the same forms than the

with the relation:

corresponding matrix in usual description.

D.Thermal sensitivities of coefficients

At the reference temperature @ the new coefficients have

the same values than the usual coefficients in tensorial
notation. In counterpart, the introduced coefficients exhibit

different thermal sensitivities. In matrix notation, the g*and

E 2 matrices have of course a different form than the

corresponding s and d matrices. Their forms at the reference
temperature @ are given in appendix.

The thermal expansion of coefficients is given by the
formula

0 ()= B (@)(1+ & ot (G_GO)nj )

n=l1
where
n -k
ok L 1 O Eim
TV ETym n ok 20" (23)
LM

The static deformation gradients are expressed in terms of
usual thermal expansion coefficients al(l’?) :

Sam=0am +ZO!%150¢(®—®0)"

and, for 32 class:

24

-1
XLa= (fa,L) (25)
The thermal coefficients of elastic coefficients Ef7 s E§1 and

Efw are related to those of Ef4, Ei‘3 and Ej‘M. From the
relations (20) and by using (22,24) we obtain (using the

o ()= o \2) = . — .
notation : g} = a3 agi)=ﬁii’ o )=7n‘)'

TUEL =70EY, — 011 + a3

r@ el =1@ e+ (a3 —an) TVEL,
—anasntet =Bt Bi;

TOEL =10 Ed +(a3—a1) TOEY,

2 1) -4
+(0’11 ‘0!110!33—,311+:B33)T( )514

(26)

3 2
o tan 0!33+0!11(2,511—,333)—0633ﬂ11
733"

The relations between Eglland Ef3,Eﬁ7 and Ej4, }5'137

and E'134 are exactly similar to those between Ei‘7 and Ei‘4,

and are not reproduced here.
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E. Numerical values computed from the thermal coefficients
published by James [9].

It is possible to use literal expressions of T(”)E‘}JQ in
terms of T(n)Sij to numerically compute T(”) E4PQ. Or we

can choose, as we have done, to use a software to obtain
directly the Taylor expansion of (14a) when the static
deformation gradients and the elastic compliances s;; are

expressed in forms of thermal expansions. The T(")s,-j are

computed from the T(”)ci]- given in James’s paper. For

consistency with the work of James, we have employed the
coefficients of thermal expansion given in the reference [9].
The following values are obtained :

F. Numerical values obtained from those of effective elastic
coefficients in Lagrangian formalism

A second set of data can be obtained from the values of
thermal derivatives of effective elastic coefficients
(stiffnesses) in Lagrangian description [2]. These coefficients
have been directly computed from the thermal behavior of
quartz resonators and SAW delay lines, without the need of
knowledge of thermal expansion coefficients. These
coefficients are related the usual elastic constants (Appendix
B of [2] ) from which the usual constants may be computed.
In this case, to compute the numerical values of the
coefficients of this paper, we have used as thermal expansion
coefficients those published by Kosinsky and all [10] and
used the data of Bechmann [11] for the elastic compliances.

PQ First order | Second order | Third order

PQ First order in | Second order | Third order in in 107° in 1070 in 10712

107 in 107 10712 11 11.2 96.7 61.8
11 14.37 79.1 72.5 12 -1276 -1487 -1919
12 -1234 -1510 -1947 13 -298 -749 -474
13 -193 -884 -921 14 129 102 -483
14 136 119 -340 17 123 98.3 -475
17 130 114 -340 31 -304 -750 -460
31 -199 -886 -914 33 156 141 -86.8
33 155 130 47.7 44 208 276 121
44 204 303 237 47 202 272 128
47 198 298 236 66 -138 -87 -168
66 -138 -114 -173

Table 1 Numerical values of T(”) E‘}JQ calculated

from the data of James

Relations (14b—14d) allow to compute the values of the

T(H)ES, T(") E3 and T(”) E? coefficients

P 3 1)
Q T(I)EPQ T )EPQ
11 -1.5.107% -1.65. 1074
14 +7.2. 1073 +5.2.107°
17 - +4.5.107°
P 2 2 2
Q WEs, | 1@, | 100,
11 +1.45.1075 | +2.58. 108 | -2.26 10710
33 +3.88. 10> | +5.0. 1078 . | -2.54. 10710

Table 2 Numerical values of T(”) E%)Q , T(”) E'}%'Q and

T(”) E%JQ calculated from the data of James

Table 3 Numerical values of T(”) E‘}DQ calculated
from the data of ref. [2 ]

IV. RELATIONSHIP WITH RESPECT TO THE SECOND
PIOLA-KIRCHOFF TENSOR

The relations (11b—d) allow us to express the dynamic
strain tensor, as well as the dynamic electric displacement, as
functions of the second Piola—Kirchoff stress tensor. With
the help of (8) and (12), we obtain

Erm =Vimne t Ne T VLMW K @7
Ak =VinpTnp Vi Wi

where the new coefficients are connected to the usual
coefficients by:

1
4 _
Viune =5 Sar s pmSy NS5, P Sapys

3 — — 3
Vkim = é:a,L f,b’,M XK,}/d}/aﬁ =Exim (28)

Vie=J XkaXLpEap=Exs
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These coefficients have the same symmetries with respect to
indices than the usual ones in Eulerian description. Thus, one
can use the usual the compression of indices to rewrite (27) in

matrix form. Clearly V‘}Q is a 6x6 matrix., V%L and V%Q are

3x6 and a 3x3 matrixes respectively.

Like the preceding coefficients, the values of thermal

sensitivities T(”)V‘},Q have been calculated from the same

sets of data of sij coefficients. The use of the data of James

give the numerical values in table 4, while the data of [2] are
reported in table 5

PQ First order | Second order | Third order
in 107° in 1077 in 10712
11 28.2 92.3 67.5
12 -1220 -1514 -1991
13 -185 -876 -935
14 144 129 -343
33 162 141 44.7
44 212 314 236
66 -124 -103 -183

Table 4 Numerical values of T(”)V‘}JQ calculated
from the data of ref. [9]

PQ First order | Second order | Third order
in 1076 in 1077 in 10712

11 24.8 108 44

12 -1263 -1493 -1973
13 -290 -743 -493

14 137 111 -492

33 164 150 -94.9
44 216 285 114

66 -125 -77.8 -190

Table 5 Numerical values of T (”)V‘})Q calculated from the
data of ref. [2]

V FLEXURAL BEAM

As enlightening application, we briefly show how the
thermal behavior of a flexural beam resonator can be obtained
in material description with the effective coefficients. The
geometry of the beam is depicted on the figure 2. We assume
that the flexure occurs in the ( X2, X 3) plane and that the

material of the beam posses the 32 cristallographic symmetry.

.

Fig. Beam in reference configuration at ®¢

e

X1

For simplicity we restrict our analysis to the Bernouilli
approximation, which consist to assume that in the deformed
state a cross section of the beam remains plane and
perpendicular to the neutral fiber. When the Eulerian
coordinates are used, this hypothesis leads to the strain

component:
2

§y= f 3
J «fz
To apply the Lagrangian description we only have to express
the strain £, in the framework of Bernouilli hypothesis. By

(29

using the relation (8) we have

fz 283 88;23 fz 253 us (Xzz)

538 u3 02 u3

X

Neglecting the other stress components than 7, , the stress-

_X3§33 (30)

strain relation is then written

52=V§2 72 (31)

The internal energy due to the flexure comes from the
definition of the second Piola-Kirchoff tensor (9).

2

[ 2( 9? —

VintZEHé YX§(3,3) ( u3] d X, dA
A

9X3
5 (32)
1 i[9
= Y(§3,3)zfo | dxo
X35
where
1
Y=—p- (33)
Va2
is the “Young modulus” and
——3
Wh
=— 34
1 (34)

the quadratic moment of the cross section. The integration is
performed on the volume of the beam in the reference state at
temperature @(. The integrand in (32) is nothing else than
the one in classical treatment of the vibrating beam when the
Young modulus E is replaced by:
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ok

Eo vlgs) =230 (35)
Vaa
The kinetic energy is
vi =l plaCx ) av (36)

By applying Hamilton principle or Lagrange equations as
usual (see textbooks), the following expression of resonant
frequency is obtained:

(37

M is a constant depending of boundary conditions. In this last

expression the dimensions and the mass density are those at
the reference temperature @, and only the elastic coefficient

V‘z‘2 and the derivative &5 are functions of ©. Thus, with
the help of (24), the first order temperature coefficient of the
resonant frequency is:
1
Ve =3 [‘T(I)V§2+2T(l)§3,3]
| (38)
B _ET(I)VE‘z +as3

Since from (28), the first order temperature coefficient of
effective elastic coefficient is

Wy, =200~ a3+ TWs, (39)
Eq. (38) is equivalent to
3 1
T<1)w=—0!33—0622——T(1)S22 (40)

2 2
which is identical to the result obtained by the classical way.
The second order temperature derivative is

7@ = —%T(z)V‘z‘z +%[T(1)V§2]2 + T(2)§3,3 _%[T(l)fw]z
(41)

VI CONCLUSION

The use of Lagrangian description of resonators vibrating
in mode like flexure or torsion submitted to a change of
temperature can be done with the help of coefficients
introduced in this paper. One of advantages of the use of
these coefficients is to simplify the calculation of high order
temperature sensitivities of devices when refined treatment is
required like in the case of Timoshenko bar theory of flexural
beam or the computation of St Venant’s function of torsion of
rectangular beam.
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APPENDIX
At the reference temperature @, the contents of the

E" matrix are the following

1 1
- 0 — 0 0 - 0 0
dir -dip 2dl4 2dl4

1
-5d14 -di1

1
-5d14 -di1

0o 0 0 0 0

0 0 0 0

while the contents of the E* matrix are

1 1
SILS12 813 5 S14 0 0 S84 0 0
1 1
—s4 O —q4 00
S12 S s13 814 5S14
s13 513 s33 0 0 0 0 0 0
1 1
st4 —s14 0 —suq 544 0 0
1
0o 0 0 0 - o |
5544 si4 25, S
0 0 0 0 LIRS 1
I S14. 566 S14. 66|
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